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Abstract 

We prove decay and scattering of solutions of the Nonlinear Schroding- 
er equation (NLS) in R with pure power nonlinearity with exponent 3 < 
p < 5 when the initial datum is small in E (bounded energy and variance), 
in the presence of a linear inhomogeneity represented by a linear potential 
which is a real valued Schwarz function. We assume absence of discrete 
modes. The proof is analogous to the one for the translation invariant 
equation. In particular we find appropriate operators commuting with 
the linearization. 

1 Introduction 

We consider 

(id t + A v )u + A|u| p_1 u = for t > 1, x G R and u(l) = u (1.1) 

with Ay := A — V(x) and A := d\ and A e R\{0}. In this paper we focus on 
exponents 3 < p < 5. V is a real valued Schwartz function and Ay is taken 
without eigenvalues. 

It is well known that for 2 < p < 5 the initial value problem in (1.1) is 
globally well posed in i? 1 (R). Our goal is to study the asymptotic behavior of 
solutions with initial data u(l) — uq of size e in a suitable Sobolev norm, with e 
sufficiently small. It is natural to ask whether such solutions are asymptotically 
free and satisfy 

||u(t)IU~(R) < C He, (1.2) 

that is have the decay rate of the solution to the linear Schrodinger equation. 

We recall some of the results for V = 0. For spatial dimension d, McKean 
and Shatah [14] answered positively to our question for 1 + | < p < 1+4- The 
case p > 1 + 2 an d P < 1 + for d > 3 was answered positively by W. Strauss 
[17]. W. Strauss [16] proved that the zero solution is the only asymptotically free 
solution when 1 < p < l + ^ford>2, and when 1 <p<2for<i=l. This result 
was extended to the case 1 < p < 3 and d = 1 by J. Barab [1], using an idea of 
R. Glassey [11]. The exponent p = 1 + | is critical and particularly interesting. 
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The existence and the form of the scattering operator was obtained by Ozawa 
[15] for d = 1 and by Ginibre and Ozawa [9] for d > 2. The completeness of 
the scattering operator and the decay estimate were obtained by Hayashi and 
Naumkin [12]. Completeness of the scattering operator and decay estimate for 
all solutions, not only for small ones, for d = 1 and A < 0, were obtained by 
Deift and Zhou [3]. See also [5, 6] for earlier references and [8] for a simpler 
proof. The result was extended to perturbations of the dcfocusing cubic NLS 
for d = 1 in [4]. For the focusing cubic NLS for d = 1, the pure radiation case, 
along with other cases reducible to the pure radiation one by means of Darboux 
transformations, was treated in [7], proceeding along the lines of [3]. 

Our goal in the present paper is to extend the result of McKean and Shatah 
[14] to the case V ^ and d = 1, which to our knowledge is open. For V we 
assume the following hypothesis, where we refer to Sect. 4 for the definition of 
the transmission coefficient T(t). 

(H) The potential V is a real valued Schwartz function such that for the spec- 
trum we have cr(Ay) = (— oo,0]. Furthermore, V is generic, that is the 
transmission coefficient T(r) satisfies T(0) = 0. 

We denote by S s the Hilbcrt space defined as the closure of C^°(R) functions 
with respect to the norm 

IMll. : = \\ u \\h(R) + II \ x \ Su \\h(R)- 
Our main result is the following 

Theorem 1.1. Assume that V satisfies (H), s > 1/2 and p > 3. Then there 
exist constants cq > and Co > such that for e € (0, eo) and ||u(l)||s s < e 
the solution to (1.1) satisfies the decay inequality (1.2) fort > 1. Furthermore 
there exists u + G L 2 (R) such that 

lim \\u(t)-e itA u + \\ LHR) = 0. (1.3) 

The hypothesis cr(Ay) = (— oo,0] is necessary since otherwise for any s > 
1/2 there are periodic solutions u(t, x) = e lXt 4>\{x) of arbitrarily small S s norm. 
The interesting case is for p € (3, 5) since the case p > 5 follows from [10, 19]. 
The case V = is due to [14]. 

If a (Ay) = (—oo,0], the existence of wave operators intertwining Ay and 
A and of Strichartz and dispersive estimates for e ltAv is well known, see [10, 
19, 20]. Such estimates are not sufficient to prove Theorem 1.1 even in the case 
V = 0. 

The argument in [14] is based on the introduction of homogeneous H k (t) 
norms, defined substituting the standard derivative with operators Jj(t), 
see Sect. 2. In [14] it is proved almost invariance of these norms and, by a form 
of the Sobolev embedding theorem, the dispersion (1.2). Such use of invariant 
norms goes back to the work on the wave equation by Klainerman, see for 
example [13]. 
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The development of a theory of invariant norms in the case of non transla- 
tion invariant equations such as (1.1) is an important technical problem. Here 
our main goal is to adapt the framework of [14] for d = 1 and to introduce 
appropriate surrogates | Jy(i)| s for the operators | J(t)\ s see Sect. 2. 

The operators | Jy(i)| s are used to define homogeneous spaces T-iy{t) which 
are then shown to be almost invariant. 

The argument is more complicated than in [14] because of the presence of an 
additional commutator. But we can show that if Ay is generic, in the sense of 
Hypothesis (H), then the commutator can be treated by a bootstrap argument. 

Another complication is that the |Jy(i)| s do not enjoy Leibnitz rule type 
properties like | J(t)\ s , which play a key role in [14]. Nonetheless, we are able to 
treat |Jy(i)| s by switching from | Jy(t)| s to | J{t)\ s , by using the Leibnitz rule 
for | J{t)\ s , and by going back to | J v {t)\ s . 

In the part of the argument on the Leibnitz rule, an essential role is played 
by the observation that || • (t) ~ II ' ll«»(t) w ith fixed constants independent of 
t when < s < 1/2. The proof of this equivalence is based on Paley-Littlewood 
decompositions associated to phase spaces both of A and Ay. We are able to 
prove this equivalence when the transmission coefficient T(r) is such that either 
T(0) = (the generic case) or T(0) = 1. Notice incidentally that the inclusion 
of this non generic case at least in this part of the paper is natural, since the 
fact that T(0) = 1 makes Ay more similar to A than the case when T(0) = 
(recall that T(0) = 1 for A). 

We introduce now some of the notation used later. Inequalities of type A < B 
mean the existence of a constant C > so that A < CB. Similarly, A <~ B means 
A < B and B < A. The standard scalar product in L? = L 2 (R) will be denoted 
by (., .) L 2. We use the notation L v x that means L P (R). L't(X) stands for the LP 
norm of functions with values in Banach space X. The homogeneous Sobolev 
space "H S (R) (resp. perturbed Sobolev space Hy(R)) for s > is defined as the 
closure of C§° (R) functions with respect to the norm 

||(-A)*/|| i; (resp. \\(-A + V)if\\ Ll ). 

These norms are used in two cases: functions depending only in x and functions 
depending on both t and x. 

2 Definition of \J v {t)\ s 

In this section we assume x € R d with d a generic dimension and we consider 

(id t + A)u = 0. 

Recall that the fundamental solution is given by e ltA {x,y) = - — ~r f° r t > 0. 

(47rit)2 
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Consider the Fourier transform F and its inverse: 

Ff(x) = (2ir)-l f e ix -y.f(y)dy, (2.1) 

F-\f(x) = (2tt)-* / e- ix -y.f(y)dy. 

We introduce also the dilation operator D(t)tp(x) — (2it)~ ^ ip(^) and the mul- 

tiplier operator M(t)ip(x) — e~ip{x). Then we have the following well known 
formula 

e itA = M(t)D(t)F- 1 M(t). 

Let g(x) be a function and denote by g{q) the multiplier operator g(q)ip(x) := 
g(x)tl>(x). We set Pj := and p = (pi, ■■■,Pd)- More generally, set g(p) := 
F _1 g(q)F '. The following identity is well-known: 

e itA g(q)e- itA = M(t)g(2tp)M(-t). (2.2) 

for any p(x). With an abuse of notation we will denote the operator g(q) by 
g(x). Notice that we have 

[id t + A,e itA g(x)e- itA ] = 
e itA [- A, g(x)] e- itA + e itA [A, g(x)] e- itA = 0, 

so obviously the same commutation rule holds for the r.h.s. of (2.2). In 
particular for g(x) — Xj we get on the r.h.s. of (2.2) the operators Jj = 

ix 2 ix 2 

2tie~ d Xj e~^ = 2tid Xj + Xj and we have 

[id t + A, Jj] = 0. 

We introduce for any s > the following two operators: 

\J(t)\ s := M(t)(-t 2 A)fM(-t) (2.3) 
\Jv(t)\ s := M(t)(-t 2 A v )iM(-t). (2.4) 

3 Commutative properties of |J^(£)| S 

We start the section by establishing some useful commutator relations. In this 
section x € R d with d a generic dimension and M{t) — e 1 ' 21 ' / 4 *. 

Lemma 3.1. We have the following identities: 

[id u M(t)} = ^M(t), [id u M(-t)\ = ~M{-t). 
Proof. A simple calculation gives 

id t M(t)f - M(t)id t f = (id t M(t)) f = ^M(t). 
The second relation can be verihed similarly. □ 
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Furthermore, we shall prove the following: 
Lemma 3.2. We have: 

[A ,M( t „ = ««)(y-£l + ^) ; 

Proof. For the first relation we have 

[A, M(t)} f = /AM(t) + 2VM(t) • V/ 
= M(t)^/-M(i)^/ + M(i)i^. 

The second relation follows taking complex conjugates. □ 

/From Lemma 3.1 and Lemma 3.2 we get: 
Lemma 3.3. The following commutator relations hold: 

[ia t + A,M(t)]=M(t)(| + H T ^) ) 

, x / id x 2 ix ■ V \ 

[i<9 t + A, M(-f)] = M(-t) 

Proof. We shall check only the first relation, which follows directly from above 
Lemmas and 

[id t + A, M(t)} = [idt, M(t)} + [A, M(t)} . 

□ 

Lemma 3.4. We have 

[id t + Ay, (-t 2 A v )i] = j(-t 2 A v )i. (3.1) 

Proof. To prove (3.1) we shall use the fact that (— Ay) s / 2 and Ay commute. 
Thus, we have 

[id t + Ay,(-* 2 Ay)i]/ 
= [idt, M 2 Ay)t] / + [Ay, M 2 Ay)i] / 

= id 4 ((-t 2 Ay)*)/ = ^(-t 2 Ay)i/. 

□ 

Now we are ready to establish the main commutative property of the oper- 
ator \Jv(t)\ s with s > defined in (2.4). 
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Proposition 3.5. We have the relation: 

[id t + Ay, \J v (t)\ s ] = it s - 1 M(t)A(s)M(-t) (3.2) 

where 

A(s) : =«(-Av)U[s-V,(-Av)i]. 

Proof. The proof relies on Lemmas 3.1-3.4 and the following commutator equal- 
ities: 

[AB, C]=A [B, C] + [A, C] B, 
[A, BC] = [A,B]C + B [A, C] . 

Indeed, we have 

[id t + A v ,\J v (t)\ s ] = [id t + A v ,M(t)(-t 2 A v )?M(-t)] 

= [id t + A v ,M(t)} {-t 2 A v )iM(-t) + M(t) [id t + Ay, (-t 2 A v )i M (-t)] 

= Y t \Mt)\ s + \M{t)x ■ V(-t 2 A v )^M(-t) 

+ M(t) [id t + A v ,(-t 2 A v )i] M(-t) + M(t)(-t 2 A v )i [idt + Ay, M(-t)] 

= ^\M*)\' + \ M (t) x ■ V(-t 2 Ay)iM(-t) 

+ ±\j v (jt)\' + M(t){-t 2 A v )iM{-t) (~ - ^ - 

= j\Jv(t)\ s + -M(t)x ■ V(-t 2 Ay)iM(-t) 

• 2 

- -M(t){-t 2 A v )iM(-t)x • V - M{t)(-t 2 A v )?^M(-t) 
= j[J v (t)\ s + 1 -M(t) [x-V,(-t 2 A v )?M(-t)]-M(t)(-t 2 A v )^M(-t). 
Note that 

[x- V,(-t 2 Ay)tM(-t)] 
= [x ■ V, (-t 2 Ay)*] M(-t) + (-t 2 A v )i [x • V, M(-t)\ 

= [x ■ V, (-t 2 Ay)^] M(-t) - (-t 2 Ay)5_M(-t) (3.3) 
and hence we get 

[id t + Ay,|Jy(t)| s ] 

= j\Mt)\ s + \M{t) [x ■ V, (-* 2 Ay)i ] M(-t) 

The proof of (3.2) is completed. □ 
In next lemma we shall assume d= 1. 
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Lemma 3.6. Assume d = 1 and A(s) be the operator that appears in (3.2) with 
s < 2. Then for a fixed constant C s we have the inequality 

\\A(s)f\\ Ll <C s \\f\\ L ~. (3.4) 

We postpone the proof of Lemma 3.6 to Sect. 7. 

4 Spectral theory for Ay 

Since now on we shall always work in the space dimension d = 1. 

In this section we remind some classical material needed later. Recall that the 

Jost functions are solutions f±(x,r) — e ±1TX m±(x,T) of — Ayu = t 2 u with 

lim m + (x, r) = 1 = lim m_(x, r). 

x— 5-+00 x— 7- — oo 



We set x + := max{0, x}, x := max{0, — x} and (x) = \/I + x 2 . We will denote 
by L p ' 8 the space with norm 

\\u\\L»,s = \\{x) s f\\ Ll . (4.1) 
The following lemma is well known. 

Lemma 4.1. For V € <S(R) we have m± G C°°(R 2 , C). There exist constants 
d = CifllVHii.i) and C 2 = C 2 (||y|Ui,2) such that: 



/»±oo 

/ (y)\V(y)\dy 

J X 



(4.2) 



|a T m±(a;,r)| < C 2 (l + x 2 ). (4.3) 

See Lemma 1 p. 130 [2]. The regularity follows iterating the argument. 

The transmission coefficient T(r) and the reflection coefficients R±(t) are 
defined by the formula 

T(r)m T (x,T) = R ± (T)e ±2iTX m ± (x,T) +m±(x,-r). (4.4) 

From [2] and from [20] we have the following lemma. 

Lemma 4.2. For V G «S(R) we have T,R± G C°°(R). Moreover: 

|T(r) - 1| + |i?±(r)| < C(r)- 1 /or C = C( || |Ux , x ) / (4-5) 

|T(T)| 2 + |i2±(T)| 2 = l; (4.6) 

||-T(r)| + \^R±(r)\ <CforC = C(||^|| L1 .s). (4.7) 
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In particular, (4.6) and(4.7) follow from Sect. 3 [2] and (4.5) follows from 
Theorem 2.3 [20]. 

Set now *(x,r) = T(t)./+(x, t) for t > and *(x,t) = T(-r)f-(x, -r) for 
t < 0. Then the distorted Fourier transform associated to Ay is defined by 



F v f(r) = (2tt)-s / *(x,r)f(x)dx (4.8) 

JR 

and we have the inverse formula 

fix) = (2tt)-' / *fo7)*V/(r)dr. (4.9) 
Our first application of this theory is the following lemma. 

Lemma 4.3. Let V G <S(R) and cr(Ay) = (— oo, 0], then for any s > 1/2 i/iere 
exists a fixed C such that: 

ll/lk~<c||/|ii;%||f f . (4.io) 

Proof. We claim that < CoH-FV/IU 1 f° r a fixed Co = cq(V). Assuming 

the claim we have: 

WFyfhi < \\F v f\\ L2(mK) V2Ki + || \t\'F v f\\ L , m > K) \\ \Z\-'\\ L >im> K ) 
< V2k? \\f\\ Ll + C s ^- s \\f\\ H with C s := \f^ [ - 

For k = ^2~2(7 S ||/||^^ s ||/|| L 2 S the last two terms are equal and we get (4.10). 

We now prove ||/||l~ < coH-FV/Hz, 1 • By (4.9) it suffices to prove \^{x, t)| < 
Co for fixed Co- It is not restrictive to assume x > 0. Then for r > we get the 
bound by *(a;,r) = T{r)f + {x,T) and Lemmas 4.1 and 4.2. Similarly for r < 
we get a similar bound by 



*(a;,T)=T(-T)/_(a : ,-r) = J R + (-r)/ + (a:,-r) + / + (a;,r). 



□ 



Consider now a function u{t,x). By Lemma 4.3 we have for s > 1/2: 

\Ht, < ciiM(-t) U (t, oui;* iiM(-t)«(t, on J. 

(7 i-3- i 1 ( 4J1 ) 

= - 7 =IKi,oilij-|||Jy(i)IM^-)ll2|. 



8 



5 Proof of Theorem 1.1 

Using the notation of Proposition 3.5 we have the following equation 

(id t + A y )| J v \ s u - it s - 1 M(t)A(s)M(-t)u + X\J V \ S F = 0, (5.1) 

with F = Let < s < 2. Then by Strichartz estimates which follow 

by [20]. there are fixed C' a and C s.t. 

llky| s «llL~( ( i,T),Lj)<qi|Jv| s (l)«ll^ 

+ ci||t'- 1 ^( s )M(-t)«|| L j ((i ^ )L;) + q||j v |-F|| il((1 , r)ii;) . (5 ' 2) 

By combining Lemma 3.6, (4.11) and conservation of charge we get for every 
5 > a constant M{5) such that 

||i s - 1 yl(s)M(-i)u|| i < C.llt'-^lulliooll 4 

<£>,||f-*|| iK^II^IIIJvMliw a <M(j)||«(i)|U ; + «y|||j v H| L cc i;) 

where we have considered s < | so that t s ~i <G (1, oo). Inserting this estimate 
in (5.2) we conclude 

\\\Jv\ Su \\l°o{{i,t),lI) < C\\\J v \ s u(l)\\ L 2 
+ C s \\u{l)\\ Ll +C s |||Jy| s F|| L1((1 , T) , L 2 ) . 

We shall use the following result. 

Lemma 5.1. We have 

\\\Jv\ s f\\Ll~\\J s f\\LlforO<s<l/2. (5.3) 

For s e (1/2, 1) and any e e (0, 1/2) we have: 

WUvYIWli < ct'+e-l (\\\J\^.f\\ L i + \\\J\ s .f\\Li) ; (5.4) 

\\\J\'f hi < CV+c-i (|||Jv|'- c /IU S + \\\Jv\ a f hi) ■ (5-5) 

Proof. (5.3) is a simple consequence of Corollary 6.7 in the next section which 
states 

||(-A)i/IU S ~||(-A + V)*/IUs forO< S <l/2. (5.6) 
To prove (5.4) (resp. (5.5)) we use 

WV^fWh <\\V^f\\li + \\vf 2 hi 

\\Vf 2 \\ Ll < H^ILj'll/ll^p < C\\(-A)i-iff Ll for 1 = \ (1 - J) = 5 
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(resp. the inequalities with Ay and A interchanged: this will use also (5.6)). 
We thus obtain 

Hv^/IU; < C||(-A)i-4 (l + (-A)H*) fhi 

(resp. the inequality with Ay and A interchanged). Interpolation with (5.6) 
for s = 1/2 — 5 yields 

||(-Av)*/IU; < C\\(-Af*-i (l + (_A)*-*+4) f\\ Li 

<c(||(-A)i-i/|| L , + ||(-A)i/|| L ,) 

(resp. the inequality with Ay and A interchanged). Multiplying this estimate 
by t s and using again the fact that M(t) is L? x bounded operator, we see that 

llkv|'/IU;<c(t'-H*|||j|W / || i; + |||./| V || 1 . ; ) 
and for e = 5 we get (5.4) (resp. (5.5)). 



□ 



By Lemma 5.1 we get 

II|JvMU=o((i,t),^) <c a |Ki)|| E . + c a |||j v |'F|Ui ((liT) , iS)) 



since 



|||j|'«(i)IU»<c||«(i)|| E .. 

If we can show that for a fixed C for all T 

\\\Jv\ s u\\ L ~ {{hT)iLl) <C\\u(l)\\ 



(5.7) 



then by (4.11) this will yield (1.2). Then scattering (1.3) will follow from (1.2) 
by a standard argument which we do not repeat. By combining Lemma 5.1 with 
Lemma 2.3 in [12], which states that 



'(|u| p - 1 u)|| L 2 < C||M||p 1 |||Jpu|| L 2 for < 7 < 2 and p > 3 



we have 



|||Jy| s (| M r 1 M )|| il((lit) , L , ) 



< 



c 



< C" 



(* , > a+e - i ll«ll& 1 (lll./|'- e «llLs + llkl'«IU s ) 



i\s+e- 



\\u\\TJ(\\\Jv\^ e u\\ Ll + \\\J\ s u\\ Ll ) 



LHl.t) 
Li(l,t) 
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Again by Lemma 5.1 we can continue the estimate as follows 



/\2s+2e-l I 



(?) 



\Jv\ 2 £u \\li + \\\Jv\ s u\\li) 



... < a 

< ' l\t') 2 ^- P ^(\\u\\%- 1 \\\J v \ s u\\ L ^ 



< 



7jf <f) s 



LHl.t) 

J v \^u\\ Ll + \\\J v \ s u\\ Ll )dt' 



where in the last line we used (4.11). 

Since p > 3 we can choose s > 1/2 and e > such that 2ii — 2s — 2s > 1. Then 



< c.||u(i)||Jr 1)2 ^ 



\\Jv\ s u\\ P ,$ L2 (\\\M- 



'-u\\ LrL 2 + \\\J v \ s u[ 



on any interval (l,i) a constant C s independent of i. Notice that the norm 
|| | Jy\ 2 _e M|| i oo i 2 can be bounded in terms of the other norms using interpola- 
tion, hence the proof of (5.7) follows by a standard continuity argument, pro- 
vided that we fix the constant eo > in the statement of Theorem 1.1 sufficiently 
small. 



6 Equivalence of homogeneous Sobolev norms 

Along this section the functions m±(x,r), f±(x,r), T(t) and R±(t) are the ones 
defined in Sect. 4. Also the norm ||l/||^p,, is the one defined in the same section. 
We consider for an appropriate cutoff ip g C^°(R + , [0, 1]) a Paley-Littlewood 
partition of unity 

l = £Xt2-''),i>0. 
jez 

Then for any s g R we have 

||(-A y )i/||| 2 ~ ]T2 2 -^ (^V^) /,/>*; 
jez 

~ ^2^11^(2^7^) /III- 

We have the following result. 

Lemma 6.1. Let V be a real valued Schwartz function such that cr(Ay) = 
(—oo,0] and T(0) is either equal to or to 1. Then for any pair of integer 
numbers j, k g Z with k < j and for any f € S(M.), such that 

supp/(0 C {|£| ~ 2 fe }, (6.1) 
the following inequality holds for Cy — C(|| V||£i,3): 

( VJ (2-^V=A^) /,/> i2 < C v 2-l fe -^||/|||,. (6.2) 
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Proof. For <p(\t\) := t 2 ^(|t|) we have 

(<p (2-^ V=A^) /, f) Li = A,-(/) + ^(/) 
Aj(f) := -2" 2 ^ (2-^V Z A^) /,9 2 /)^ 

Bj (/) ~ 2" 2j (V (2^7^) /,t7>L S - 
It is straightforward that 

|^-(/)| = 2-=W|^ (2-^V=A^) 

< 2- 2 -'||V,(2--'V r A^) /IUsll^/IUs < C2 2fc -«||/||i ; . 

Notice that this constant C depends on the cutoff ip but not on V. This follows 
from the fact that the distorted Fourier transform (4.8) is an isometry. Next 
lemma in conjunction with (6.3) will complete the proof of Lemma 6.1. 



(6.3) 



Lemma 6.2. Assume the hypothesis of Lemma 6.1. Then there exists a fixed 
for C = C{\\V\\ L ^) such that \Bj(f)\ < C2~\ k -^ ||/|||, . 

Proof. The first step in the proof is the following representation formula: 
Lemma 6.3. We have 



{^2-iyTE^)f)[x) = ~ f dr^r) 

x [T(r)m+(x,T) f m-{y,r)e iT ^ f(y)dy ( 6 .4) 

J y<x 

+ T(-T)m_(x,-T) f m + (y,-T)e w ^f(y)dy]. 

Proof. We recall the Limiting Absorption Principle 

g(-A v )(x,y)= / g(X)E a . c .(d\)(x,y) 
Jo 



E a . c .(dX)(x,y) = R± Av (x,y,\) - R_ Av {x,y,X) 



(6.5) 



dX 

where for A > and x < y (for x > y exchange x and y in the r.h.s.) 



for the Wronskian 

w(t) := (d x f+)(x,T)f-(x,T) - f+(x,T)d x f-(x,T). (6.7) 
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Then for x < y (for x > y exchange x and y in the r.h.s.) 



g(-A v )(x,y) = / t 9 {t 2 ) 



OO 



f-(x,T)f + (y,r) f-(x,-T)f+(y,-T) 



dr 
iri 



w(t) w(—t) 
= Jj(T)g(T 2 )U( X ,T)f + (y,T)dr, 

where we used the formula t^-j = sec p. 144 [2]. Therefore, making also 

a change of variable, 

g(-A v )f(x) = -^-^drg(r 2 )[T(r)f + (x,T) £ f.(y,r)f(y)dy 

+ T(-t)/_(x,-t) / f + (y,-r)f(y)dy]. 

J X 

(6.8) 

For g{\) = V>(2 _J \/A) and f±(x,£) = e ±i ^m ± (x, we get Lemma 6.3. □ 
We continue with the proof of Lemma 6.2 by writing 

B j {f) = Bf\f) + Bf\f) 

with 



Bf\f) :=-^2- 2 ^ J dxV(x)f(x) 

x f dT^(2^T)[T(T)m + (x,T) f (m-(y,T)-l)e iT ^f(y)dy ( 6 .9) 
+ T(-r)m_(x, -r) / (m+(y, -r) - l)e lT ^ f {y)dy\ 

J y>x 

and 

Bf\f) --=-^- 2j J dxV(x)J(x) 

x / dnl>(2-*T)[T(T)m + (x,T) f e^ x -y\f(y)dy ( 6 .10) 

JR Jy<x 

+ T(-T)m-(x,-T) f e iT ^f(y)dy] . 

J y>x 

Lemma 6.4. Assume that f, j and k are as in Lemma 6.1. Let V be a 

real valued Schwartz junction such that er(Ay) = (— oo,0]. We do not impose 
other hypotheses on V. Then, for fixed C = V||i,i,3), we have \Bj 1 \f)\ < 
C2 k -i\\f\\l 2 . 
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Proof. The inequality follows from the following ones: 

< C2-i\\{x) 3 V\\ L1 Jf\\l„ < C'2^11/111,, (6.11) 
with C = Cdl^Hi^a), and where we used Bernstein inequality 

ll/IUs=<2*||/|U;. ( 6 - 12 ) 



To prove the first inequality in (6.11), observe that the second line of (6.9) can 
be bounded by C(x} 3 \\f\\L^> with C = C(||V||x,i,i) using the following estimates, 
which follow from (4.2): 



f |m_(i/,T)-l||/(i/)|di/ 

J — OO 

/xAO /-xVO 
(y)- 2 dy+ / {y)dy)<{xf\ 
-oo JO 



i2° 



and 

\m+(x,T)\ < (x). 

Proceeding as above the third line of (6.9) can be bounded by C(x} 3 \\f\\L^ with 
C = C(\\V\\ L i,i) using estimates like 

\m + (y,-r)-l\\f(y)\dy< 



ll/IM/ (y)- 2 dy+ {v)dy)<(x) 2 \\f\\ L ~ 

and 

\m-(x, t)\ < (x). 

This proves (6.11) and so also Lemma 6.4. □ 

Lemma 6.5. In addition to the hypotheseis of Lemma 6. Jf. let us assume now 
that either T(0) = or T(0) = 1. Then we have \Bf \f)\ < C2 k -^\\f\\ 2 L2 for 
fixed C = C(\\V\\ L i,s). 

Proof. We use (4.4) and substitute 

T(-T)m-(x, -t) = R + (-T) e - 2iTX m+(x, -r) + m+(x, r). (6.13) 

We then write 



B f\f) = -^ 2 ~ 2i J R dxV(x)f(x) 



x / dTij(2- j T)[T(T)m+(x,T) / e iT{x -^f{y)dy 

JR Jy<x 

+ m + (x,r) f e iT ^f(y)dy 
J y>x 

+ R + (-r)m + (x,-r) [ e- i ^+y\f(y)dy]. 

J v>x 
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Notice that Lemma 6.1 is elementary for \k — j\ < ko for any preassigncd ko > 1. 
So we will focus only on the case k — j > kq with a fixed sufficiently large Ko- 
We write 



/2¥/(-r) 



V(2"V) / e iT ^f(y)dy = ^(2^r)e iTX \ e~** f{y)dy 

Jy>x JR 

- ^(2" J 'r) / e w &-v)f(y)dy = -^(2^r) / e iT ^f(y)dy, 

J y<x J y<x 

because V(2~-7t)/(— r) = for |j — fc| > k and k sufficiently large. 
By (6.14) we can write 

B< 2) {f) = J dxV{x)f@) 

x / dT^(2-J'r)[(T(r)-l)m+(a:,T) / e iT ^f(y)dy 

JTL Jy<x 

+ R + (-T)m + (x,-T) f e- lT ^f(y)dy]. 



(6.14) 



We rewrite the above as 



Bf(f) = ~2-^JdxV(x)f{x) 

x f dTi>(2-iT){[T(T) - I - R + (-T)]m + (x,T) j e^ x -y^(y)dy 

JR Jy<x 

-R+(-t) (e-' 1TX m + (x,-T) - e lTX m+{x,T)) f 

Jy 

+ R + (-T)m + (x 1 -T)e- iT * f e- iT y.f(y)dy}. 

JR 



(6.15) 

e- iT yf(y)dy 

y<x 



The last factor is y/2nf(—T) = on the support of ^>(2 -J Y) like after (6.14). So 
the last line in (6.15) cancels out. 

We focus now on the terms originating from the third line of (6.15). We will 
set f x (t) := f(t + x) and Hf x (r) := /° M e^/fa + a:)dy. We have 



Hg(r)= / e 1T y g (y)dy= / X(-oo,o] (- T - 0^(0^ = X(-oo,o] * ?(- T ), 



R 



where here and below we use the definition (2.1) of the Fourier transform. 

We have also the relation X(-oo,o]( T ) = — i(27r)~2( T — i0) _1 , see page 206, 
Ch. 3 [18] and take into account the definition of the Fourier transform there. 
By Sokhotskyi-Plemelj formula (r - iO)" 1 = PV\ + \it5(t). Then 
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Hg(r) := lim / -PW 



^ff(r) - X(-oo,o] * 9(t) = i^Y 1 ' 2 (ng(-T) - iHg{-r)) 

'l£-r|>e 

By Lemma 4.1 we get 

|e- iTa; m + (x,-r)-e iT;l; m + (a;,T)| < | e - 2ir:E -l| |m+(a;,r)| 
+ \m+(x, -t) - m+(x, r)| < (Ci + C 2 )(x) 2 |r|, 



(6.17) 



where the last term in the first line can be bounded using (4.2) and the first 
term in the second line can be bounded using the mean value theorem and (4.3), 
and where Cj = C(\\V\\ L i, 3 ). 

By (6.17) and by \R+(-t)\ < C(r)- 1 with C = C(\\V\\ L i,i), which follows by 
(4.5), the terms originating from the third line of (6.15) can be bounded by a 
constant C = C(||V||x,i,2) times 



[ dx \V(x)\ (x) 2 [ dr |^(2- J V)| |r| {t)- x \hJ x {t)\. (6. 



18) 



By \j-k\ > /so, by / x (r) - e- iTX f{r) and by (6.16), we get i>(2-h)\H f x (r) 
tl){2~i T)\%f x {T)\. We have then the upper bound 

A f |/(0| ^ 



1(6.18) | < 2 _2 - 7 '||/||x,oo||V||x,i,2 f dr^ f 



(r) 2 J\m„» |r-£| 



< 2-^ii/iUooiiyii^,, / |/(£)K < c'2*->\\f\\ LS ,\\f\\ Li 

J\t\~2* 

<C2 k -i\\f\\ 2 Ll 

where we used |t — £| w |r| and where C = C(||V||x,i,2). Now we consider the 
contribution from the second line of (6.15). We assume 

T(0) - 1 - R+(0) = 0. (6.19) 

(6.19) occurs if T(0) = 1 (then R±(0) = by the identity (4.6)) and in the 
generic case T(0) = (when i?±(0) = — 1, sec p. 147 [2], as can be seen setting 
r = in (4.4)). By (6.19) and (4.7) for the bound near r = and by (4.5) for 
the bound away from 0, we get 

\T(r) 1 - R + (-r)\ < C-j^ with C = C(||V|| L i,.). 

Then, by a similar argument to that for the third line (6.15) we see that the 
contribution is bounded by C2 k -i\\f\\\ 2 with C = C{\\V\\ L ^). □ 

Lemmas 6.4 and 6.5 yield together Lemma 6.2. □ 
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The proof of Lemma 6.1 follows by combining (6.3) with Lemma 6.2. 

□ 

We remark that if T(0) = with a ^ then R + (0) = see for 

instance p. 512 [19]. Then the rhs of (6.19) equals 2f^ 7^ for a ^ 1 and our 
proof of Lemma 6.5 breaks down. 

We have proved (6.2) for k < j. The next lemma shows that (6.2) continues 
to hold also for k > j 

Lemma 6.6. Let V be a real valued Schwartz function with a(Ay) = (— oo,0] 
and with T(0) either equal to or to 1. For any integer numbers j,k e Z with 
k > j and for any f G S(R) satisfying (6.1), inequality (6.2) holds for a Cy of 
same type. 

Proof. The proof is similar to that of Lemma 6.1. 

We have / = ft (2~ fc \/^A) / for some ft € Cg°(R + , [0, 1]) and we have 

(<p (2-^V=A7) f,f) Ll = -2- 2k & (2-'"V=A^) f,Ai/> (2- fe v^A) f) L% 
with t 2 iP(t) = ft(r). Then we have 

- 2- 2fe (^ (2^V^A^) /,V> (2- fe v /Z A) 
It is straightforward that, for a constant C independent of V, 

2- 2k \(A v p (2^V = A7) (2" fe v /Z A) />i S | < C2«- 2fc ||/||i ; . (6.20) 

In the sequel we prove the following for C = C(|| V||i,i,3), which with (6.20) 
yields Lemma 6.6: 

2- 2k \{V V (2-=^A^) /,^(2- fc v^A) f) Ll \ < CJy- fc ||/||i ; . (6.21) 

Denote by K(x,y) the integral kernel of <p (2~- 7 \/ — Ay). Then, setting g(r) = 
<p (2 _J v / r), from (6.8) we get 

K(x,v)~Xx> v {x,y) f ip(2-jT)m + (x,T)m-(y,T)T(T)e iT ^ 
Jr 

+ Xx< y {x,y) ( V {2-^T)m-{x,-T)m + {y,-r)T{-T)e iT ^dT 
Jr 

with X x ^y(x,y) = 1 for x ^ y and Xx^y{ x >y) — for x ^ V- Then the bound 
(6.20) is obtained, for ty(x) — ip ( ^ A J /, by bounding 
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2- 2k [ dx^(x)V{x) [ dT(p(2- j T) 
Jr. Jr 

x [T(r)m+(x,T) f m_(y,T)e iT(x -y\f(y)dy ( 6 .22) 
+ T(-T)m-{x,-T) f m + (y,-T)e iT ^-y\f(y)dy]. 

J y>x 

We split (6.22) as h + I 2 where 

h := 2~ 2k [ dxWx)V{x) [ dT(p(2- ] T) 
JR. jr 

x [T(T)m+(x,T) [ (m^(y 7 T)-i)e i ^-y\f(y)dy ( 6 .23) 

J y<x 

+ T(-T)m_(x, -t) f (m+(y, -r) - 1) e w ^f(y)dy] 

J y>x 



and 



h ■= 2- 2k [ dx^(x)V(x) [ dTip{2- 3 T) 

JR JR 

x [T(r)m + (x,T) f e iT ^f(y)dy ( 6 .24) 

J y<x 

+ T(-r)m-(x,-r) f e i ^-y\f(y)dy]. 

J y>x 

We start with Ii and show for C = C(||V||ii,3) 

|/i|<C2»'- fc ||/||i 2 (6.25) 

To prove (6.25) we focus for definiteness on the second line of (6.23) (the con- 
tribution from the third can be treated similarly). Then we have 

2- 2k I dx\V(x)V(x)\ I dr|( y 5(2^r)|sccond line (6.23)| < 

JR JR 

2- 2k dx\9(x)V{x)\{x) / dr( (y)- 2 \.f(y)\dy + / (y)\f(y)\dy) 

JR J|r|~2J \J-oo JO / 

< C2>-* k \\nL~\\f\\L~ < c»v- k u (2- fe V z A^) /Ikll/lk 
<cv- k \\f\\ 2 Ll 

with constants C(|| V|| ^,1,3) and where we used Bernestein inequality (6.12). We 
turn now to I2 and show for C = C(||V||ii, 3) 

|/ 2 | < C2*- fc ||/||£ ; . (6.26) 

We substitute (6.13) to get 
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h = 2- 2k [ dx^{x)V{x) 

x f dM2^T)[(T(T)-l)m + (x,r) f e iT ^f(y)dy 

Jit Jy<x 

+ R+(-T)m + (x,-T) I e-^+y\f{y)dy\. 

J y>x 

We rewrite, proceeding like for (6.15), 
h = 2T 2k [ dxWx)V(x) 

x [ dM2-i T )[(T(T)-l-R + (-T))m + (x,T) [ e iT ^f(y)dy ( 6 .27) 

JR Jy<x 

- R+(-t) (e-^m+ix, -t) - e™m + {x, r)) f e - iT yf(y)dy] . 
Then proceeding like in Lemma 6.5 we get for C = C(||y|| L i,s) 

|7 2 | <C2- 2k \\*\\L~ J dx\V(x)\{x) 2 J dr\^r)\^\Hf x (r)\ 

with HJ x (t) := J" e~ 1Ty f(y + x)dy like earlier. Since now we focus only on 
k — j > k and we get 

i/ 2 i < c^mL-wvw^ f drj^ f JS^U 

J\r\~2i {V J\i\~2*> l T -?l 

<C 2 2 2 ^- 2k \\n^2- k f |/(« 

< C 3 2 2 ^ 2k \\f\\ Ll 2^U (2- fe v^A) f\\ LS> < C2 2 i- 2k \\f\\ 2 Ll . 

where the constants are C(||y||ii,3). This completes the proof of (6.26) which, 
along with (6.25) yields (6.21) and completes the proof of Lemma 6.6. 

□ 

/From Lemma 6.6 and Lemma 6.1 we arrive at the following crucial result. 
Corollary 6.7. For < s < 1/2 and for any f <G Co°(R) we have 

||(-A)V||l;~||(-A + V)4/Hl;. 
Proof. The proof of > is as follows (that of < is similar). We have 
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(-A + V)if\\h x 

< c Z^-iw-to-^ (^) f\\ Ll \W (^) fUi 

< C £ * ks \W ( /His - C||(-A)i/||l, . 

Here we have used Young's inequality and, for a fixed C, 

= 2 -( s ^ 2 2 js2 -I| J -i|^|^- 2 -/ ss -| +2 _i 2 |-fe s j 

j i>; j<i-i 



□ 



Remark 6.8. The proof of Corollary 6.7 continues to hold also when from Hy- 
pothesis (H) we drop the requirement that er(Ay) = (— oo,0] but for / we 
require additionally (f,(f)) L 2 = for all cigcnfunctions <f> of Ay. 

7 Proof of Lemma 3.6 

Lemma 7.1. For V\ = 2V + x-^V , for A{s) the operator in (3.2) and for 
< s < 2 we have for a constant c(s) 

/>oo 

A(s)=c(s) t*(t- A v ) _1 Vi(T- Ay)" 1 ^. (7.1) 
Jo 

Proof. Set S := xd x . Recall the formula 

/>oo 

(-Ay)* =c(s)(-A v ) / t* -1 (t- A v ) -1 dT 
Jo 

for < s < 2 and [c(s)]- 1 = / °° rf-^r + l)" 1 ^. Then 

/■00 

A(s) = s(-Ay) f + c(a) / t^ 1 [S, -Ay(r - Ay)" 1 ] dr. 
Jo 



(7.2) 



We have 
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[S, -A v (t - Av)- 1 ] = [S, -A v ] ( T - Ay)- 1 - A v [S, (r - Ay)- 1 ] = 
[S, -A v ] (r - Ay)" 1 + Ay(r - Ay)" 1 [S, -Ay] (r - Ay)" 1 

and also 

[S, -Ay] = [S, -A] + [S, V] = 2A + SV = 2(A - V) + V x = 2A V + V x . 
Then we get 

[S, -Ay(r - Ay)" 1 ] = 2Ay(r - Ay)" 1 + 2A 2 v (r - Ay)" 2 

+ V X {T - Ay)" 1 + Ay(T - Ay)"Vi(T - Ay)" 1 (7.3) 

= 2rAy(r - Ay)" 2 + r(r - A v ) _1 Vi(t - Ay)" 1 . 
Inserting in (7.2) we get 

POO 

A{s) = s(-A v )i +2c(s) / r^Ay(r - Ay)- 2 dr 

Jo 



/•oo 

+ c{s) / r*(r- Ay)- 1 ^^- Ay)- 1 ^. 
Jo 



(7.4) 



Then (7.1) follows from the fact that the first line of the r.h.s. is 0: for y > 
we have integrating by parts 



/■oo s POO 

2c(s)y J T?(T + y)- 2 dT = -2c(s)y-J t^ 1 {t + y)' 1 dr 



~sy 2 . 

□ 



Lemma 7.2. Given Hypothesis (H) there is a fixed C — C(\\V\\li,i) such that 
for any f <G <S(R) and at any x £ R we have 

([(r-Ay)- 1 /] (x)\ <C(r)-3 / e -^k-«/l (y) |/( y )| dy. (7.5) 

Proof. Consider the Wronskian w{\J~t) defined in (6.7) . Recall that, since 
V e 5(R), we have w(y/r) > for t > and w(y/r) ~ v 7 ^ as t ^ +oo. The 
hypothesis that T(0) = implies that w(Q) > 0. 
We have 

[(r-Av)-'/](x)= f ^l^^ e-^--»l/(y)^ 
■/-oo u?(vV) 

We will use < vj- 1 ^) < Ci(t}-* for a fixed Ci = C(\\V\\ L i,i). Inequality 
(7.5) follows in elementary fashion by the following inequalities, where Ci = 
Cdl^lU 11 ) is a fixed sufficiently large number: 
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• for x > we have \m + (x, y / r)m_(y, y/r)\ < C2(y); 

• for x > we have |m_ (x, y/r)m + (y, v / t : )IXr+ (y - x ) < C 2 (x) < C 2 (y); 

• for a; < we have |m+(a;, y/r)m-(y, V^)\Xr+( x ~ y) < C 2 (x) < C 2 (y); 

• for a; < we have |m_(x, y/r)m + (y, y/r)\ < C 2 (j/). 

□ 

Lemma 7.3. Under Hypothesis (H) there is a fixed C such that 
||(r-Av)-V 1 (r-Av,)- 1 /|| L i 

Proof. We can factorize V\ = (x)~ 2 V 2 with V 2 E L 1 (R). We have 
IKr-Avr^i^-AvrVlUi 

<||(r-Av)- 1 (x)- 1 || i ^||y 2 || i ,||(x)- 1 (r-A y )- 1 || i ^ L? . 
We have 

|| (r - A v )-' (.y'f hi < C(r)-i\\e-^ * ((•) |<->-V(-)|)IUi 
<C'r-5<r)-'||/|| Ll . 

The following bound with the same C follows by duality: 

\\{x)~\t - A v )-^f\\ LT <C'T-Hr)-Hf\\ L ~. 

Finally, by V 2 = (x) 2 {2V + xV) it follows that ||V 2 || L1 < ||V|| L i,2 + \\&V\\ L i, 3 . 
This yields inequality (7.6). □ 

Proof of Lemma 3.6. The inequality \\A{s)f\\ L i < C||/|| L ~ for fixed C > 
follows by Lemmas 7.1 and 7.3 which justify the following inequalities: 

POO 

\\A(s)f\\ Ll <c(s) / riWir-Avr^ir-Avr'fW^dr 
Jo 

<C\\f\\ L ~ / ri-\r)- l dT<C\\f\\ L ^ 
Jo 

where the integral converges if < s < 2 and where C = C(s, || V|| ^,1,2 , || V || 1,1.3). 

□ 
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